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ABSTRACT

Let H® =~ R?" x R be the Heisenberg group and let y; be the normalized
surface measure for the sphere of radius ¢ in R?*. Consider the maximal
function defined by M f = sup,yq|f * ¢|. We prove for n > 2 that M
defines an operator bounded on LP(H™) provided that p > 2n/(2n — 1).
This improves an earlier result by Nevo and Thangavelu, and the range for
LP boundedness is optimal. We also extend the result to a more general
class of surfaces and to groups satisfying a nondegeneracy condition; these
include the groups of Heisenberg type.

1. Introduction

Let G be a finite-dimensional two step nilpotent group which we may identify
with its Lie algebra g by the exponential map. We assume that g splits as a
direct sum g = v & 3 so that

[o,] C3, [w,3]={0},

and that dim(w) = d, dim(3) = m.
Throughout we shall make the following

* The second author was supported in part by the National Science Foundation.
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NONDEGENERACY HYPOTHESIS. For every nonzero linear functional w € 3*

the bilinear form
xR
w -

(X,Y) —» w([X,Y])

is nondegenerate.

Note that the skew symmetry of J,, and the nondegeneracy hypothesis imply
that d is even.

There is a natural dilation structure relative to w and 3, namely for X € 1w
and U € 3 we consider the dilations

8 (X, U) = (X, 820).

With the identification of the Lie algebra with the group 4; becomes an auto-
morphism of the group.

In exponential coordinates (z,u), x € R?, u € R™, the group multiplication
is given by

(1.1) (z,u) - (y,v) = (z +y,u+v+3'Jy)
where 2t Jy = (ztJ1y, ..., 7' Jny) € R™ and the J; are skew-symmetric matrices
acting on R? (ie. Jf = —J;). For u € R™ we also form the skew-symmetric

matrices J, = Y .-, u;J; and the nondegeneracy hypothesis is equivalent with
the invertibility of J,, for all u # 0.

The most prominent examples are the Heisenberg groups H™ which arise
when d = 2n, m = 1 and J = J; is the standard symplectic matrix on R?".
These belong to the class of Heisenberg-type groups (termed H-type groups in
[9]), for which J2 = —4|u|?I, so that the nondegeneracy hypothesis is clearly
satisfied in this case. Note that in general m has to be small compared to d
(see [9] where the connection with Radon-Hurwitz numbers is pointed out).
The class considered here has been introduced by Métivier [10] in his study of
analytic hypoellipticity; the nondegeneracy assumption is termed “Condition
(H)” in [10]. There are many groups which satisfy the nondegeneracy condition
but which are not isomorphic to a Heisenberg-type group; we give an example
in §7.

Let ¥ be a smooth convex hypersurface in w and let 4 be a compactly sup-
ported smooth density on ¥. We make the following

CURVATURE HYPOTHESIS. The Gaussian curvature of ¥ does not vanish on
the support of p.



Vol. 141, 2004 SPHERICAL MAXIMAL OPERATORS 317

Define the dilate y; by

(12) sy = [ St2,0duto)
We recall the definition of convolution

£ glw,u) = / £, 0)9((@0) ™ - (2, u))dydo

(1.3)
= /f(y,v)g(a: —y,u—v+z'Jy)dydv

and define for Schwartz functions the maximal operator M by
M f(z,u) = sup|f * pe(z, u)].
¢>0

We prove the following sharp result.

THEOREM: Suppose d > 2. Then M extends to a bounded operator on LP(G)
if and only if p > d/(d — 1).

Remarks: (i) Other more “regular” spherical maximal functions on the Heisen-
berg group have been considered in [2], [15]. In these papers the maximal func-
tions are generated by measures on hypersurfaces and the averaging operators
are Fourier integral operators associated to local canonical graphs. In our work
the maximal functions are generated by measures on surfaces of codimension
m + 1, and the associated canonical relations project with fold singularities.

(ii) A previous result is due to Nevo and Thangavelu [12] who considered the
case of spherical means on the noncentral part of the Heisenberg groups (m = 1)
and obtained L? boundedness in the smaller range p > (d —1)/(d —2), d > 2.

(ili) Our theorem is an analogue of Stein’s theorem [16] in the Euclidean case.
The necessity of the condition p > d/(d — 1) follows from the example in [16];
one tests M on the function given by f(y,v) = |y|'~¢(log|y|) "' x(y,v) with a
suitable cutoff function y. The L? methods in this paper are not sufficient to
establish L? boundedness for p > 2 for the case d = 2 (that is, for an extension
of Bourgain’s result [1] in the Euclidean case).

(iv) The result should remain true for any nilpotent Lie group of step < 2:
i.e. the nondegeneracy hypothesis should not be necessary. This is currently an
open problem.

(v) As a corollary of the L? estimate for the maximal operator one obtains
the pointwise convergence result lim;_,q u¢ * f(2) = cf(z) almost everywhere, if
f € LP and ¢ = [ du. Moreover, the LP bounds of the maximal operator are
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relevant for certain results in ergodic theory, where one needs to have pointwise
control for large t.

(vi) We use in an essential way the invariance of the subspace w under the
dilation group {6;}. Namely, this implies a favorable bound for the principal
symbol of (d/dt)u; on the fold surface of the associated canonical relation. A
similar phenomenon was observed in [11] for averages along light rays.

(vii) One can replace the measure on tv by a measure supported on a perturbed
subspace 20 which is transversal to the center but no longer invariant under
{6:}; then the phenomenon in the last remark does not occur. In the above
coordinates 20 is given as

(1.4) W= {(z,Az),z € R},

where A = (A;;) is a m x d matrix. Define a measure p* by

(ut, f) = / fltz, £ Ax)du(z);
we also set pt = ,ui\. Consider the maximal operator M* defined by
(1.5) MM f = sup|f = .
>0

For general A we then prove the partial result that M* is bounded for p >
(3d ~ 1)/(3d — 4). We conjecture that boundedness holds for p > d/(d — 1)
which by our theorem holds true for A = 0.

Structure of the paper: In §2 we shall give the basic decompositions of the
operator. Almost orthogonality arguments are used in §2 to reduce matters to
a “local” maximal operator (where the dilation parameter is ~ 1). In order to
estimate the local maximal operator it is necessary to understand the precise
regularity properties of the averages. It turns out that these are Fourier integral
operators with folding canonical relations and our main decomposition is in
terms of the (scaled) distance to the surface of degeneracy. In §4 we state
the main (known) estimates for oscillatory integral operators associated to fold
singularities. In §5 we first reduce the estimate for the averages to estimates
for oscillatory integral operators; this argument is rather standard and similar
to calculations in [5]. The main part of §5 is concerned with showing that the
uniform assumptions (4.3)-(4.5) on the phase in the case of folding canonical
relations are indeed satisfied. We then conclude that section discussing the L?
estimates for O(f * j]; here we take advantage of the fact that the principal
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symbol of this operator vanish on the surface of degeneracy. In §6 we complete
the proof of the main theorem by deriving appropriate weak type (1,1) bounds.
In the appendix §7 we give an example of a two step nilpotent group which
is not isomorphic to a Heisenberg-type group but satisfies the nondegeneracy
hypothesis.

Notation: Given two quantities A and B we write A < B if there is a positive
constant C, such that A < CB.

Note: After a preprint version of our article had been circulated, S. Thangavelu
informed us that he and E. K. Narayanan had obtained another proof of the
sharp L? inequality for the case of the spherical maximal function on the Heisen-
berg group H", n > 2, shortly before they became aware of our preprint. Their
argument extends ideas from [12] and is based on estimates for Laguerre func-
tions. It is contained in a preprint entitled “An optimal theorem for the spherical
maximal operator on the Heisenberg group”.

ACKNOWLEDGEMENT: We thank the referee for suggestions concerning the
exposition.

2. Preliminary decompoaositions

We shall present the argument for the maximal operator M in (1.5). We shall
denote by A; the j** column of A and by ||A]| the matrix norm of A with respect
to the Euclidean norms on R¢ and R™. In what follows we shall always assume
that ||A|| < C) for some fixed C; (and various bounds may depend on Cy). If
|A|| occurs explicitly in an estimate then we are interested in the behavior for
A — 0, as the case of our Theorem corresponds to A = 0.

We note that by localizations and rotations in R? one can assume that p has
small support and that the projection of X to tv is given as a graph z4 = I'(z'),
2’ = (z1,...,%4_1), 0 that VI'(0) = 0 and so that p is supported in a small
neighborhood of (0,T'(0)) (we may assume that |V T'(z")] < Cy '¢o/100 where
co, Co are defined in (5.10) below). Note that a rotation has the effect of
replacing the matrices J; in the group law by Q'J;Q with @ € SO(d). We thus
will need to prove an estimate which is uniform in these rotations.

Using the Fourier inversion formula for Dirac measures we may write

pM(z,u) = x(z,u) // eilo@a-T @D+ (u=A2)) 45

where y is a smooth compactly supported function and the integral converges
in the sense of oscillatory integrals (thus in the sense of distributions).
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We split the integrals by introducing dyadic decompositions in (o, 7) and then
also in o, when |o| < |7|.

Let (o € C§°(R) be an even function so that (o(s) = 1 if |s| < 1/2 and
supp(¢o) C (—1,1). Also define (1(s) = (o(s/2) — {o(s) and for k > 1,
1 <1< k/3,

(2.1.1) Bo(0,7) = G(Vo? + |7]2),

(2.1.2) Brol0,7) = L2702 +P)(1 - Go(270)),
Bralo,7) = G (27502 + [7]2) G (2 0),

(2.1.3) Bilo,7) = G27*V0? + 1) G (201414,

Then observe that

Bo+ Y (ﬂk,o + ) B+ EL) =1,

k>1 1<i<k/3

and for k > 0 the function Sy is supported where |o| ~ 2% and || < 2%, By,
is supported where || ~ 2* and |o| &~ 2¥~! and fj, is supported where || ~ 2*
and |o| < 22k/3

Define

(2.2.1) K°az,u) = x(z,u) // eHo(@a=T(@N+7(v=A2)) g (5 TVdodr,
K (2,u) = x(z,u) // ei("(md‘F(”))”'(“_M”BM(a, T)dodr,
(2.2.2) 0<I<k/3,
(22.3) K*,u) = x(z,u) / / eo@a=T@N+7(u=-A2) g (5 1Vdodr,
moreover, for ¢ > 0 define the dilates
[K?,Kf’l,l?f](x,u) = t"(d+2m)[K0,Kk’z,I?k](t“lx,t‘Qu).

Note that uf = K? + EkZI(I(f’O + Li<ick/3 EP' + KF).

Since K° is a bounded compactly supported function the associated maxi-
mal function is controlled by the appropriate variant of the Hardy-Littlewood
maximal function and therefore ([17]) we have the inequality

sup |+ K2l < Gl

for 1 < p < o0.
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Using known estimates for oscillatory integral operators with fold singularities
and additional almost orthogonality estimates we shall derive in §3 and §5 the
following L? estimates.

PROPOSITION 2.1: Suppose k > 0. Then for 0 <1< k/3

(2.3) l|sup |f * K ll2 < VE2THED2(1 4 [|A]12) 2 £l2;
t

moreover,

(2.4) lsup [f * Kf|lla S VE27HED2(1 4 [|A]12573)12) ]l
t

To obtain L? results we shall interpolate with weak type inequalities proved
in §6.

LEMMA 2.2: Let k > 0. For all « > 0 we have

(2.5) meas({(z,u): Sup |f * Kl (z,u)] > o) S R257HL 4+ A1) I £l

for0 <1< k/3 and

(2.6) meas({(z,u) : sup|f * Kf(z,u)l > a}) S K231+ |A2Y2)a | fl)r-
t>0

We interpolate by the real method and obtain

COROLLARY 2.3: Supposel <p<2andk>0. Thenfor0 <I<k/3

27)  sup|f = K7{llp < Cok! /P2 Me=1=d/Do=tE= (1 1 |[A[1291/7| f 1,5
¢

moreover,

(28)  |fsup |f * Kf|llp < Cok"/P2mHE=4/3=/pr /3D (1 4 ||A||2%/%) /7 f .
t

Now if p < 2 we may sum in k and ! and see that M? is L? bounded if
d—4/3-d/p+1/(3p) > 0 which is equivalent to p > (3d—1)/(3d—4) (showing the
estimate mentioned in remark (vii) in the introduction). If A = 0 we get a better
bound, namely that L? boundedness holds if d — 1 ~d/p > 0 or p > d/(d — 1).
This proves our main Theorem.
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3. Square functions and almost orthogonality

It is advantageous to introduce cancellation in the above kernels, modulo small
acceptable errors. Indeed

// K* (2, u)dedu| + '// K*(z,u)dzdu

for all N =0,1,..., and this estimate follows by an integration by parts in the

< On2HY,

(x,u) variables. Thus there is a C§° function b which is equal to 1 on supp(x),
and constants 7 ;, 7% so that

// K5 (2, u)dzdu = 4y, // b(x,u)dzdu,

(3.1) _

// K*(z,u)dzdu = // b(z,u)dzdu,
where
(3.2) [kl + Iya| < Cn27FN.
We define
(3.3.1) KR (@, u) = KM (x,u) — yp,0b(z, ),
(3.32) K*(@,u) = K*(z,u) — 1b(z, u),

and denote by K™, K¥ their dilates, as before. Then the functions K2, k¥
have integral zero.

Since the maximal operator generated by the kernel b (with nonisotropic
dilations) is bounded by the nonisotropic Hardy-Littlewood maximal operator
we see that for 1 <p < o

lIsup | * (K& = KPNp < Onp27 V(I £llp-

Now in order to deal with the main term we shall use the following standard

lemma, in the subject which is an immediate consequence of a similar one stated
in [17, p. 499)].

LeMMA 3.1: Suppose that

1/2 OF o\ 1/2
sup F.(,s 2) <A; and su ( (s ) < As.
sm(nz;zn ) <A ad s (S]FEGL) <

Then ‘

sup sup |F,,(-,s)l”2 < C(A; +VA14).

n s€l1,2]
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We omit the proof. Using Lemma 3.1 one sees that the estimates
I[sup |f * Kt llle S VE2THED2 4 A12D V) £,

Isup |f + Kf|lls S VE2THEDR(L 4 ||A22) 2 )12

follow from the following estimates which are uniform in s € [1,2]:

1
(3.4) (an*/c ||2) < VE2TREN 202 £,
1
) < VE2THE=DR 2 4 A2 f e,

29 (Sl [t

for I < k/3, and

(36) (Zuf*ﬁsnsn%) < VE2HE=D 240 £

(Sl [aE)...

Note by scaling that it suffices to prove these estimates for s = 1. We shall

2 1
) < VR HA9/2R/5(1 4 |A[1243) £l

first use the cancellation of the kernels ICg,’fs and Izéns to show certain almost
orthogonality properties (for the sums in n) and then we use stronger estimates
for oscillatory integrals to establish decay estimates for fixed n.

AN ALMOST ORTHOGONALITY LEMMA. We first state a simple and presumably
well known consequence of the Cotlar—Stein Lemma.

LEMMA 3.2: Suppose 0 < e < 1, A < B/2 and let {T,}52, be a sequence of
bounded operators on a Hilbert space H so that the operator norms satisfy

(3.8) ITnll < A
and
(3.9) TaT || < B22eln=n'l,

Then for all f € H

() 1/2
(3.10) (Z ||Tnfl|2) < CAVETiogBIAfI.
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Proof: For N > 1 consider the operator
Tn: H = 2(H)

which maps f to the sequence (Ty f,...,Tn f,0,0,...). Now || Tn|| = |75 Twl|*/?
where T Tn: H — H is given by

N
TuTnf =Y TiT.f.

n=1

We let S, = T;T}, and observe that

152.Sil = 1Sk S|l = | T T Ty Tl
< TFINTST T < A? min{A?, B22-1k=tley,

The standard Cotlar-Stein Lemma [17] gives

ITRTwll < D max{ sup HSESzII”z,kS?g l1SkS7 1112}

and thus o
ITvlI> <A > min{4, B2~I™i}

m=—00
< C%c~ ' A%log(B/A).
Thus || fll¢2(&y is dominated by the right hand side of (3.10), and the assertion
follows by taking the limit as N — 0. ]

Remark: We proved Lemma 3.2 by using the statement of the Cotlar—Stein
Lemma. Using the proof of the Cotlar—Stein Lemma one can also show the
following more general fact: If ||T,, T || < a®(n —n') then

(XZJ mE) s (o) I

j€z
Of course, Lemma 3.2 is an immediate consequence of this inequality.

ALMOST ORTHOGONALITY ESTIMATES. Here we wish to apply Lemma 3.2 to
convolutions on groups. If T'f = f x ¢ we first note that its adjoint is given by
T*f = f * g* where g* = E(—‘l_) Moreover, using Minkowski’s inequality and
the unimodularity of nilpotent Lie groups one obtains the standard convolution
inequality

I1f *gllz < llg*llall fll2 = flgllall fll2-
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We now fix &, and s € [1,2] and derive almost orthogonality properties for
the operators of convolution with K5,

Notice that for n < 0 the function IC];:fs is supported in a (small) ball of radius
C2" (in fact in a smaller nonisotropic ball). Moreover, we have |V, (y,v)| <
2+(m+2) and using the cancellation of Ksx, we obtain

R s (KL ) (2, w)| S 25042027 i < 00,
By scaling and applying Schur’s Lemma we obtain
(3.11) 1 % Kgit (2" [l S 25927 ]l

first for n < n' and then by taking adjoints also for n < n’. This and the
following estimates are uniform in s € [1,2].
Similarly we get

kl k%
/c KL )

619 |rrege nammgren s 202 A
and also

(3.13) 1f % K % (Khag)*ll2 S 25mF2 27 In=rl] ],
CEPI L 59 3(’62"’ |, s 22 e
In §5 we shall prove the inequahtles

(3.15) [1f % KMl S 27R@02202) £,

10 | [B] ], szt i,
for I < k/3, and

(3.17) [If % K*|jy < 2750729878 £,

OK*

618)  |£e i, S22 AR

By scaling and by (3.2) the same inequalities hold with K** and K* replaced by
K5 and K* and with 9,K*, 9,K* replaced by 9;K5, 8Kk, for 1 < s < 2.
Now the inequality (3.4) follows from (3.15) and (3.11) if we apply Lemma 3.2
with A = 275(d=1)/291/2 3pd B = 2k(m+4) Similarly (3.5) follows from (3.16)
and (3.12), (3.6) from (3.17) and (3.13), and (3.7) from (3.18) and (3.14).
The next two sections are concerned with the derivation of inequalities
(3.15-18).
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4. Preliminaries on oscillatory integral operators with folding
canonical relations

We shall reduce matters to estimates for oscillatory integral operators whose
canonical relations have two-sided fold singularities. We consider localizations
near the fold surface and the estimate goes back to Phong and Stein {13] for cer-
tain conormal operators in the plane; the general case is implicit in Cuccagna’s
paper [3]. For the version needed here we refer to [6].

Let Q € R* x R* be an open set and let I" be an open set in some finite
dimensional space. We consider phases p{z,y,v) and amplitudes a,(z,y,7),
(z,y,7) € @ x Q@ x T, and assume that

(4.1) 10288 p(z,y,7)| < C,
(4.2) 10208ax(z,y, )| < CAUIFIED/3

say, for all multiindices «, 8 with |a|,|3| < 10n, with uniform bounds in  x T};
we also assume that all derivatives depend continuously on the parameter .
We shall assume that

Co = {(x, 00, —¢y)}
is a folding canonical relation, i.e. for each point Py = (o, yo,Y0) We have
(4.3) rankyy, (Po) > n -1,

and for unit vectors U, V

(4.4) G (Po)V = 0=|(V, V) det ¢}, | > c,
Ulll (Po) = 0=|(U, V) det ¢}, | > c,

for some ¢ > 0.
We consider the oscillatory integral operator T [b] defined by

T\ f(z) = / NIz, 4, 7) f(4)dy

which is bounded on all L? if b is bounded and compactly supported. We shall
take for b certain localizations of the symbol in terms of the size of det 7, . Let
¥ be smooth and compactly supported in (—1, 1) so that 9(s) =1 for |s] < 1/2
and set

Bi(z,y,7) = 9(2 det @), (z,9,7)) — 92" det o} (2,7, 7)),
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so that ¥, localizes to the set where | det o}, | ~ 27!, We also define
€A($7y) =1- Z ﬂl(may)
21AL/3

so that | det 7, | < A7!/3 on supp(¢?).
Then there is a neighborhood U of (zg,y0,70) so that for all a) satisfying
(4.2), supported in U the following estimates hold for the operator norms:

(4.6) ITalaxti)llLem e < CL2/2A7™2, 2l < \1/3
and
(4.7) (ITxlar¢M 2oz < CLAVE=/2,

These estimates are a consequence of Theorem 2.1 in [6].

5. Reduction to oscillatory integral operators

We now consider the operator of convolution with K*! and give the proof of
the bound (3.15). The operator ;K%' is more singular, but its estimation is
rather analogous, so we shall point out the modifications needed for (3.16) at
the end of this section. The estimations for K* and 8,K* will be similar.

Since K*! is compactly supported in a fixed neighborhood we may use the
translation invariance to reduce to the case that f is also compactly supported
in a fixed neighborhood of the origin. Thus it suffices to show the desired bound
for the operator with Schwartz kernel

(5.1) x1 (@)K T — y,u — v+ 2 Jy)xa(y, v),

for suitable compactly supported smooth functions x; and x;. In what follows
we set A = 2 and then by a change of variables the kernel (5.1) can be written
as

(5.2) Hz\,l(%u’y,v) — \mtl // ei)\¢(:v,u,y,v,a,‘r)x0(x’u,y7v)7n(a-, T)dodr
where
6(@,1,y,0,0,7) = 0(@q — ya — T(&' —y)) 47+ (u=v +2'Jy — Az — )
and where |7| ~ 1 and |o| &~ 27! on the support of 7;; specifically
m(o,7) = G (Vo2 +[r2)6 (2'0),

and xo(z,u,y,v) = x1(z,u)x(x — y,u — v+ 2" Jy)x2(y, v).
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Notation: Welet P: R? — R%"! be the linear map with Pe; = e;,i = 1,...,d—
1 and Pegq = 0. We also use the notation P for the (d — 1) X d matrix

P=(I 0)

and P! for its transpose.

STATIONARY PHASE CALCULATIONS. We wish to apply stationary phase ar-
guments to reduce matters to the estimation of an oscillatory integral operators
without frequency variables (see e.g. the general discussion in [5]).

We shall apply a scaled Fourier transform on R™*! | in the (x4, u) variables.
Define

Frg(a' xq,u) = // e~ HRazaruw) gyl o w)dzgdw;

then (A/27)(m+V/2F, is a unitary operator and thus, if H*! denotes the op-
erator with Schwartz kernel H™!, we have to prove that FyH*! maps L? to
itself with operator norm O(A~(d+™)/221/2) " Let x3(z4,u) denote a smooth
compactly supported function which is equal to one whenever |z4| + ju] < 10,
and define F) ; by

Faagle', xq,u) = x3(xq,w) // e~ Meazatuw) g(af 2y w)dzgdw;

moreover, let Fy 2 = Fx — Fx,1. Then the Schwartz kernel of Fy 1 H Mg given
by

(5.3) Amtl / ei’\q'(z’“’y’”’o)bl(z, u,y,v,0)do,

where with
0= (Zdevav T)

the phase function ¥ is given by

‘I’(f'?,U»y,'U’e) =—TdZg—u-w+ O(Zd —Ya — F(w, - y,))
+ 7w —v+ APz —y') + Ag(za — va) + (m't, 24)Jy),

and the amplitude is given by
bl (17, u,y,v, 0) = X3(xda u)XO(xl7 Zd Y, w)ﬂl (U) T)'

For the error term F) s H*! we have a similar formula, only with x3 replaced
by 1 — xs. Then in view of the support properties of (1 — x3) we see that
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|V2w¥| > |za| + |u| on supp(l — x3) and by integration by parts with re-
spect to the (zq4,w) variables we see that the kernel of 7 2 H*! is bounded by
CNA™H1=N(|z4) + |u|)~™. Moreover, this kernel is supported on a set where
|*4| + |u| > 1 and where |2'| + |y| + [v] < C. Thus, with an obvious application
of Schur’s Lemma we conclude that the operator Fy oH™! is bounded on L?
with operator norm O(A~") for any N.

We return to the main term F, 1 H M and it remains to be shown that
(5.4) (|Fa HMY| < 2Y2A-(d4m)/2,

Note that for fixed (z,u,y,v) the phase function ¥ is a polynomial of degree
< 2 in the @ variables and that the Hessian ¥y, is nondegenerate.
Indeed,

A —zq+eiJry+ o+ 1Ay,

v, =7-u,

U o=w—v+ (2", 2)Jy + APz’ — ') + Aa(za — ya),
U, =24 ~ya— (@' -y,

(5.5)

and with Z denoting the column vector in R™ with coordinates Z; = efiJiy+Al-d
we have

0 0 =t 1

s [0 0 I 0
lI"""5100
1 0 0 O

Clearly the linear equations ¥y = 0 have a unique solution

ecrit = [Zd, w,T, U]Crit (iE, u,y, ’U),
with
(2d)erie = ya + T(@' = ¢),

(Wi)erit = i — (&', ya + T(' — y")) iy — elAPY (@’ — y') — Az’ —3/),

(Ti)erit = Ui,

m
Ocrit = Ta — ¥ us(eh iy + Aig),

i=1

and we can apply the method of stationary phase (with respect to the 2(m +1)
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frequency variables #). Setting
(5.6)
@(’l‘, u,y, ’U) = \I’(Ivua yvvvgcrit(xv u, Y, U)) = "xd(yd + F(‘T’ - yl))

m
- Z u(v; — (‘17't, ya + (@' —y")Jiy — Aial(2" — ') - eﬁAPt(CU' -v'))
=1

we obtain that

(5.7)
/\m+1 / ei/\\Il(x,u,y,v,G)bl(x, u,Y,v, e)de
. N_l .
= PR 3 el g, u,y,0)A7 + R (2,0,p,0)
Jj=0
where
E4(z,u,y,v) =(20) ™ (det(Ygq(2,y, u, v, feric (2, u, y, v)) /2m1) 7/
X ﬁ(q’gg DG» D0> by (CI), u,y,v, 0)|0=9M“(z,u,y,v)
and
(5:9)  [Ry'(@uy,0)| < Cnllblzz,,,,, A7V < Cp2lmt2HRMA=N,

m4+242N
Here we have applied Lemma 7.7.3 in [7].

Since 2! < A1/3, the error term R)' (which is compactly supported) defines
a bounded operator on L? with norm O(A~(2m+1+N)/3) which for large N is
much better than the desired bound in (5.4).

CLaM 5.1: The operators with kernels A=7€!(z,u,y,v)e*®(=:w¥v) haye L2
operator norm Q(\~(d+m)/2=i/391/2)

This clearly implies (5.4).

GEOMETRY OF THE CANONICAL RELATION. We consider the canonical re-
lation Co = (z,u,®, ®y;y,v,—®,,—P,) and the singularities of the maps
pr: (y,v) = (®z,94), pr : (z,u) = (®y,®y). It is our objective to check
the analogues of (4.3-4.5) and we will have to verify a few elementary linear
algebra facts.

Let A denote the (d — 1) x (d — 1) matrix I''(z' — y') and let B denote the
column vector I'(z' —y') € R¥~!; recall that we may assume that ||B|| is small.
Indeed if
(5.10.1) co= min ||J;Y7F,

uesm=1
(5.10.2) Co = max ||Jy]l,
ugSm—1
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we may assume that
[|BIl < Cq ' eo/100.
Now py, is explicitly given by
&y = —z4" (2" —y) + Plyy + TV (2’ — y')el Juy + ut AT (2 — o) + uAPY,
@y, = —ya— (@' -y),
&y = —(vi — (¢, ya + T2 —y))Jiy — lAP'(2' = y') — Al (@' - 9/))-

We compute the differential Dpy as

(5.11)
(g — ey Jyy —u'Ag)A+ PJ,P' + Bet J,P* PJyes 0
o), v) = Bt -1 0
C c I

where I is an m x m identity matrix and C is an m x (d — 1) matrix with rows
Ci = 2" PJ; Pt + yael, J,Pt — (e} Jiy + Aig) Bt + el APt + T(2' —y')e}, J; Pt and ¢
is the column in R™ with ¢; = (m’t, 0)Jieq + € J;y. In this calculation the skew
symmetry of the J; is used.

We now compute the determinant of (5.11) and obtain

(5.12) det &/

(z,u

Ly = (“1) det((zq — b Juy — u'Ag)A + PJ,Pt + E(B))
where
(513) E(B) = BefiJuPt + PJuedBt.

Here we used the factorization

oA+ PJ,P'+ Be\ J,P* PlJ,ey
Bt -1

_ (0A+PJ,Pt+ E(B) Pleq I 0
= 0 -1 -Bt 1)

Note that E(B) is a skew-symmetric (d—1) x (d—1) matrix and so is PJ, P*+
E(B). Thus, since d — 1 is odd, the rank of PJ,P' + E(B) is at most d — 2,
and the following lemma shows that for small B the rank is equal to d — 2.

LEMMA 5.2: Suppose that
1BIl < co/4Co.

Then the following holds:
(i) If W € Ker(PJ, Pt + E(B)) then

o
(5.14) legJuP*W| > - [IW]].
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(ii) dim Ker(PJ,P' + E(B)) = 1.
(iti) If X belongs to the orthogonal complement of Ker(PJ,P' + E(B)) then

(5.15) (PP + EB)X]| 2 ZIIX].

Proof: QObserve that
IE(B)I| < 2GCo|| Bl

Thus if W € Ker(PJ,P* + E(B)) and ||W|| = 1 then

1= ||P'WI| < ||J7H T PW |
< NI (el T P W | + || PJPW )
= 177 (e J P W] + |E(B)W )
< co M (lef JuP*W | + 2Co||Bl))

and thus, if ||B|| < ¢o/4Co, we obtain |e},J, P'W| > ¢o/2 which is (5.14).

Let S, = Jy, + E(B). Since S, is skew symmetric, it can be diagonalized over
C, and the eigenvalues are imaginary. The bounds (5.10.1/2) are still valid if
J71is acting as a linear transformation on C?. Let 7 € C? be a unit eigenvector
of S, so that S,n = iA\p and |jn|| = 1; then

Al = {ISunll 2 | Tunll = |E(B)nll > co — |IE(B)|| 2 co — 2Col|B| 2 co/2

by assumption on B. Hence |A| > ¢3/2 for every eigenvalue iA of S,. In
particular S, is nondegenerate. But then PS,P! = PJ, P!+ E(B) has rank
d — 2 and therefore a one-dimensional kernel and all nontrivial eigenvalues of
S, are also eigenvalues of PS, P*. This implies for vectors X orthogonal to the
kernel of PS, P' that

PS,P'X > Z||X|

which is (5.15).

LEMMA 5.3: Let 2 be a symmetric positive definite matrix on R™ and let S be
a skew-symmetric matrix on R"*. Then:

(i) For all o # 0, the matrix o + S is invertible and the inverse satisfies the
bounds

(5.16) 1o+ 8)7HI < fo] THIAI-
(i) If S is invertible then 62+ S is invertible for all ¢ and we have the bound

(5.17) o2+ )7 <2087 iflo] < lAISTHD T
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Proof: For a unit vector e in R” we get
(oA + S)ell > |{(a% + S)e, e)| = |(oAe, )| > |ofl|A~"]| 7.

Here we have used that by the skew symmetry of S we have (Se,e) = 0, and also
that ||%72|] = 1/Amin, where Apin is a minimal eigenvalue of . This establishes
invertibility and the bound (5.16).

If in addition S is invertible and ¢ is small, we may simply use the Neu-
mann series to get invertibility of o2 + S. Namely, if |o| < (21]|[|S7)!
we get (oA +S5)7! = SHI + 322, (—1)707(AS~")7) and the bound (5.17) is
immediate. 1

LEMMA 5.4: Let £ > 1 be an odd integer, let §}; be the cone of real symmetric
positive definite ¢ x { matrices and let {23 be the set of all skew symmetric £ x ¢
matrices with rank ¢ — 1.

For § € Q9 choose a unit vector es in the kernel of S and let n5 be the
orthogonal projection to the orthogonal complement of eg.

Then for A € )1, 5 € 5, 0 € R we have

(5.18) det(c A + S) = o(Aes, es) det(rs(c A + S)n%) + 0°F(A, S, 0)
where F' is a smooth function on 7 X {3 x R.

Proof: Let Q = Q(S) be an orthogonal transformation with e£Q = (0,...,1).
Then

QoA +5)Q = (vo—i-So aa)

oat on

where Sy is a skew-symmetric invertible (£ — 1) x (€ — 1) matrix, Ao is positive
definite, a € R~! and n = (Aes,es). We apply Lemma 5.3 to 04y + Sp and
factor

(vo + S0 aa>
t

oa on

_ I 0 cAg + Sy oa

T \oat(oAp+Sp)"t 1 0 on —oc2at(c Ao + So)ta
and conclude that

det(0A + S) = det(0 Ao + Sp)(on — 0*at(a Ao + So) " a).

The assertion follows since det(c Ap + Sp) = det(rs(c A + S)7§). |
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VERIFICATION OF (4.3)-(4.5). We now use the above lemmata to verify the
analogues of conditions {4.3-5) for the phase function ® in (5.6). By Lemma 5.3

n
the determinant of <I>(T ) (50)
vanishes. In this case the dimension of the kernel ngcyu),(y,v) is equal to the

dimension of the kernel of PJ, P! + E(B) with B = I'(z' — ¢/'), thus equal to
1. Thus rank(®{,

(z,u)(y,v)
In order to verify (4.4) let V, be a nonvanishing vector field which is in

can only vanish when o := g, = z4—e€} Juy—ufAq

)) 2 d+m — 1 everywhere.

the kernel of Dp;, when the mixed Hessian (5.11) becomes singular (i.e. when
zq— e Juy —u'Ag = 0). Then

d-1
d
(5.19) VL_ZWL]ay +915— +Z Lige

7j=1

and with A =T"'(z' —v’'), we have g; = B'W|, and
(5.20) (cA + PJ,P' + Be! J,P' + PJy,esBYWy, = 0;

moreover, the functions Az ; are in the ideal generated by the Wy ; (and the
coefficients can be computed from (5.11)). To get a nontrivial kernel (when
o = 0) we must choose a nonvanishing vector Wi, satisfying (5.20}. Notice that
then |e%, J, P*W| is bounded below, by (5.14). By Lemma 5.4 we have

V (det¢ (z,u),(y, u))
- (_l)dFl (CI),y,U)CZJuPtWL + F2($7y7 ’Ll,,’U)(l'd - ettiJuy - utAd)

where Fy and F3 are smooth and F does not vanish. Thus |V7(det & u),('y,v))|
> c on the zero set of de'c<I>(z W) (v,0)"

Next we consider the map pgr and let Vg be a nonvanishing vector field which
is in the kernel of Dpg (or the cokernel of (5.11)) when z4 — e} J,y — utAy =0

Then
d-1

VR—ZWR,Jai +gR +Z Rig.

j=1
where by (5.11) the functions hg ; vanish when z4 — el J,y — u*A4 = 0 and

WiloA + PJ,P' + Bel,J,P"] + grB! = 0,
WEPJeq — gr = 0;

thus since A is symmetric and J,, skew symmetric we have essentially the same
equation for Wy above, except that J, is replaced by —J,:

(5.21) (0A—PJ,P' ~ PJ,esBt — €, J,PYWg = 0.
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Moreover, gp = e} J, P'Wg does not vanish by (5.14). As z4 — e} J,y — utA4
does not depend on z’ we get

(det q)(z ), (v, U)) = ﬁl (xv y7u)e(ti‘]uPtWR + ﬁ? (.T, v, U,’U)(ﬂ?d - efi‘]‘uy - utAd)

with smooth functions F, F, and nonvanishing Fy. Thus |Vr(det (z ) (y)v))l
is bounded below on the zero set of det <I>’
statements analogous to (4.3-5).

(z,u),(y,v) and we have verified the

PROOF OF CLAIM 5.1, CONCLUSION. For small [ the bound is immediate from
Hoérmander’s standard L? estimate for nondegenerate oscillatory integrals ([8],
cf. (5.12) and Lemma 5.3 above). For large ! we can, by Lemma 5.4, rewrite the
amplitude & ]’ as a finite sum

Eh,y,u,v) = 290 N ¢ (2 det B, , ) )i (@, 0y, v)
lil<c

where the ¢y, are compactly supported and smooth and satisfy the estimates
02, woli+i = O(2!%). Since 20 < A/3, this type of blowup is covered by (4.2)
and we can apply the estimate (4.6) and see that the operator with kernel A~7& ]’
has L? operator norm < 22//\=7\=(4+m}/291/2 This implies our claim.

MODIFICATIONS FOR THE PROOF OF (3.16). By scaling we need to consider
the operator of convolution with ;K §‘| s=1-
Let ¢ be as in (5.2) and

-5 rxyu
P(m xg¢,u,y,v,0, ) ¢( 2 S SZ’U’T) =1
—0(—xd+y + (@ —y) Vo I'(a' —y")
m m
(5.22) + 227'1‘(_“1‘ +v; — 2t Jy) + Zﬁeﬁf\(y - ).

=1 i=1

As before we set A = 2% and observe that our operator is a sum of an operator
GM with Schwartz kernel

GM(z,u,y,v)

— \m+2 //eiA(b(z’u’y’v’a’T)p(x',xd,U,y,’U,0', T)xo(z,u,y,v) (o, 7)dodr

and an operator which has similar properties as H*! above (thus satisfies esti-
mates which are better than claimed in (3.16)).
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We now need to carry out the stationary phase calculations as before for the
kernel F ;G (since the contribution from Fy 2G*! is again negligible). It has
the form of (5.3), except that b; is replaced by A¢; where ¢ is given by

cl(x’uayvv’e) = bl(ﬂ?,u, Y,0,24,W,0, T)p(fL'l,Zd,w,y,U,O', T)'

Then by stationary phase the Schwartz kernel of Fy ;G*! can be expanded as
(5.23)

/\m+2/e“‘q'(z’“’y’“’o)cl(z,u,y,v,G)dO

N-1
— A(uy,) Z g;.(x, u, Y, )N + R;‘\;g(x,u,y,v)
j::O

where again the error term f%;‘vl is easy to handle for large N and g’} is defined
as in (5.8) but with b; replaced by c;.

In order to finish the proof of (3.16) it is now sufficient to establish that the
operator 7?’1 with kernel \!~7 g]l»ei’\q’(””*”’y’”) satisfies the bound

(5.24) IT M2y e S ATTEF/22702(1 4 ||AY12]).

The differentiation in s causes a blowup by not more than A and by our previous
analysis it follows that

(5.25) [T g2y e S 272N (EFmI2 (22031

If j = 1,2,... this estimate is sufficient for (5.24), since then 2/2(2%)\~1)7 <
2-1/2 by our restriction 2! < A1/3.

This crude estimate does not suffice for the leading term in the asymptotic
expansion when ||A|| is small (or zero).

However, note that when A = 0 the coefficient of 7; in (5.22) vanishes on the
critical set where 6 = 8¢,;t(z,u,y,v), since 0¥ /07 = 0 on that set. We get

p(&' 24 crity Werit, Y U, Ocrit, Terit)
=(zq — €4Juy — u'Ag) (&' = y) - Vo T(&' — ) - T(¢' —y'))

m
+2> (el AP (@' — o) + el AT (@ — ).
i=1

Since |zq — efiJuy —ufAg4| =~ 27! on the support of ¢; and since the coefficients of
u; are O(||A])), we now gain an additional factor of O(27! +||A]|) in the estimate
(5.25) for 7 = 0 and thus establish (5.24) also for j = 0.
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MODIFICATIONS FOR THE PROOF OF (3.17), (3.18). The only reason for the
modified definition (2.2.3) (replacing (2.2.2) for | > k/3) is the preservation of
the symbol estimates (4.2), needed for the validity of (4.6), (4.7). The estimation
for K* is exactly analogous to the estimation of K*! when | < k/3, and the
same statement applies to the s-derivatives. Only notational modifications are
needed.

6. Weak type (1,1) estimates

We are now proving the weak type inequality (2.5). The proof of (2.6) is omitted
since it is exactly analogous.

We apply standard Calderén-Zygmund arguments (with respect to noniso-
tropic families of balls on nilpotent Lie groups, see [4], [17]). Cf. also [14] and
related papers on singular Radon transforms.

Let

Bs = {(z,u) : [2| < 4, |u < 6°}

and denote by Bf its complement.

Since we have already checked the L? bounds for the maximal function it
suffices to check the following Hormander-type condition for L®(R") valued
kernels:

sup sup / sup (K ((y,0) ™ (2, )) — K2 (2, w)|dzdu < k2541 + |A]12)
§>0 (y,u)€Bs J Be,, t>0

which follows from the two estimates
sup / sup |K§:.vls((y,v)“1(:v,u)) - K¥ (z,u)|dzdu
(y,v)EBs J Bf; s€[1,2]
< 27+ A2,
~ | 28+ min {2774, 2761}
Indeed we use the first bound for the O(k) terms with 2-2*(m+1) < 2-7§ <
22k(m+1) and the second bound for the remaining terms. We then sum the
series in n. Using scaling we see that the latter estimates are equivalent to
(6.1)
sup / sup |K¥Y(z —y,u—v + 2t Jy) — KM (2, u)|dedu
(y,v)EB, J B, s€[1,2]
< [ 27+ [IAY2Y,
~ | 26m+2) min{r—1, r}.
Because of the support properties of the kernel the integral on the left hand
side is zero if r > 1. Now assume that 7 < 1. Since |[VK5!(z,u)| < 2km+2)



338 D. MULLER AND A. SEEGER Isr. J. Math.

the bound 2¥(™*2)r in (6.1) is immediate. It remains to show that

sup |[K&] < 25+ 1A,
s€[1,2} 1

and this follows from

&5 S 1,
(6.3) 18K I S 25711 + ||Al12).
By an integration by parts in ¢, 7 we see that

2k—i 2km

(64) K )l < O e T, T (1 e =AD"

from which (6.2) immediately follows. Moreover, from (5.22) one obtains by the
same argument |9; K¥!(z,u)| is bounded by C\2¥~/(1 + ||A||2!) times the right
hand side of (6.4). Consequently we obtain (6.3). This finishes the proof of the
weak type inequality (2.5). [ |

7. Appendix

In this section we give the example of a two-step nilpotent Lie group G, with 10-
dimensional Lie algebra, which satisfies the nondegeneracy condition but which
is not isomorphic to a group of Heisenberg type.

For p = (1, o) € B2 let

and define the 8 x 8 matrix

then
(7.1) det J, = (7 + p3)*.
Let g be the Lie algebra which is R® ® R? as a vector space, with Lie bracket

X +U0,Y + V] =0+ (X"J10)Y, X" Jo1)Y)-
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By (7.1) the group identified with g satisfies our nondegeneracy condition. We
now prove by contradiction that g is not isomorphic to a Heisenberg-type Lie
algebra.

Assume that there is a Lie algebra isomorphism a: g — ¢ where g is a
Heisenberg-type algebra. Then g = 1 @ j where 3 is the center and « is a
linear isomorphism from 3 to R2.

Now with respect to orthonormal bases uy,...,us on 1 and ug, u1p on § and
e1,...,eg on R® and eg, ejo on R? the map a is given by the 10 x 10 matrix

o)

where A is an invertible 8 x 8 matrix and B an invertible 2 x 2 matrix.

Now let X = 2?21 Tiu;, ¥ = Z?zl yiu;, and express w € 3* in terms of the
dual basis as w = wyuf + woujy. Then, since g is of Heisenberg type we have
w([X,Y]) = 2t J,y with J2 = —(w? + w3)I; in particular

(7.2) |det J| = (w? + wd)™.
Now if w = a’p (thus Bty = (w;,ws)?) then
2 Jpeuy = w((X,Y]) = (") 'w(elX,Y]) = (1,[aX,aY]) = (42)"J,(Ay)
so that A'J, A = Jpr, and therefore
det jBtu = (det A)* det J,,.

Thus by (7.1) and (7.2) we obtain |B'u|® = (det A)?(u] + p3)? and therefore, if
(a,b) and (c,d) are the rows of the matrix | det A|~'/*B?,

13+ g = ((apr +bug)? + (e + dp2)®)?,
for all 4 € R?. Thus
pi+ ps = (@ +)pd + (07 + d)p3 + 2(ab + cd)p pa))?

for all & € R?2. This implies a® + ¢ = b? + d* = 1 and setting p = ab + cd we
obtain after a little algebra that

(4p% + 2)pa iz + 4p(u? + 12) = 0

for all p € R?. This implies both 2p? + 1 = 0 and p = 0, thus a contradiction.
[ |
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